A new analytical pressure transient solution (constant rate) for a well containing multiple arbitrarily-oriented uniform-flux, infinite-conductivity, or finite-conductivity fractures in an infinite-slab reservoir is presented. The multiple-fracture solution is derived using a new uniform-flux solution for a single arbitrarily-oriented fracture in an anisotropic reservoir. The variables in this solution are: fracture half-length, fracture conductivity, and fracture angle of rotation for each fracture relative to the primary fracture. Example constant-rate type curves are provided for two intersecting fractures -cruciform or oblique -and three intersecting fractures -trifracture.
Introduction
Fracture imaging has changed the concept of a well producing from an infinite-slab through a single planar fracture. Microseismic fracture imaging strongly suggests complex fracture patterns can develop during primary fracture treatments, [1] [2] and fracture imaging during subsequent refracturing treatments demonstrates that secondary fractures are oriented in a plane(s) other than the primary fracture. 3 An analytical solution for a well producing from an infinite-slab reservoir through multiple arbitrarily-oriented finite-or infinite-conductivity fractures is presented that was developed as part of a new pressure-transient test for refracture-candidate assessment. 4 Obviously, this solution is also applicable when interpreting conventional pressure transient tests in reservoirs with multiple arbitrarily-oriented fractures.
The purpose of this paper is to derive the new analytical solution; evaluate a pressure-averaging infinite-conductivity solution versus a semianalytical solution; illustrate the solutions by generating type curves for typical configurations of two intersecting -cruciform or oblique -fractures and three intersecting -star-shaped -tri-fractures; and present a model and type curves for a pressure-transient test in a formation exhibiting complex fracturing patterns.
Uniform-Flux Solution for a Fracture Rotated at Arbitrary Angle
Developing a multiple-fracture solution requires writing a uniform-flux solution for a single fracture rotated at any arbitrary angle from a reference axis. The plane-source solution for a fracture aligned with the reference axis can be written in the Laplace domain as for transient interporosity flow with slab matrix blocks, [8] [9] (1 ) 3(1 ) where the dual-porosity storativity ratio is written as Consequently, the Laplace-domain plane-source solution for a fracture rotated by an angle θ f from a point (r D , θ r ) is written as The uniform-flux multiple fracture solution can now be written in the Laplace domain as The well flow rate is written as 
For the case of a cruciform fracture with θ 1 = 0 and θ 2 = π/2, the uniform-flux solution at the wellbore is written as
For L f1D = 1 and L f2D = δ 2 , the uniform-flux Laplace domain solution is written using the identity of Ozkan and . However, the equivalent average pressure point is dependent on the system geometry and must be determined numerically for each multi-fracture system. 13 Kuchuk et al. 13 encountered a similar problem when deriving the infinite-conductivity solution for horizontal wells and elected to use the pressure-averaging technique proposed by Wilkinson and Hammond. 14 The pressure-averaging technique approximates the infinite-conductivity solution by averaging the pressure along the flowpath using the uniformflux solution, which according to Wilkinson and Hammond approaches the exact solution as the wellbore radius tends to zero. [9] [10] Pressure-averaging was utilized in developing the horizontal well solution of Kuchuk et al., 13 the dual lateral solution of Ozkan et al., 15 and the multi-lateral solution of Yildiz. 16 However, it is unclear if the pressure averaging technique is appropriate for multiple intersecting vertical fractures.
For a single infinite-conductivity fracture, a pressureaveraging solution overlays an infinite-conductivity solution with x D = 0.732 in the very early time, t LfD ≤ 10 -5 , and as pseudoradial flow develops when t LfD ≥ 3, but diverges during the intermediate dimensionless times. However, the maximum deviation between the infinite-conductivity solution and a pressure-averaging approximation is only 7.30% and is observed at t LfD = 0.60.
The pressure-averaging approximation for multiple infinite-conductivity fractures is developed from the definition of the average of a function, which is written as where for a pressure-averaging multiple infinite-conductivity Laplace-domain fracture solution, the function f(x) is the pressure in the ℓ th fracture defined by the uniform-flux Laplace-domain multiple-fracture solution written as The system of equations is formed by recognizing that for infinite-conductivity fractures, the Laplace domain dimensionless pressure in each fracture is the same, which is written as Assuming each fracture is homogeneous and symmetric, that is, q iD (α,t) = q iD (−α,t), the Laplace domain dimensionless pressure for an arbitrarily-oriented infinite-conductivity fracture ℓ in an isotropic reservoir accounting for the effects of an infinite-conductivity fracture i is written as The Laplace domain dimensionless pressure for an arbitrarilyoriented infinite-conductivity fracture ℓ in an isotropic reservoir accounting for the effects of an infinite-conductivity fracture i can now be written as
.., and , 1, 2,..., The dimensionless variables rescale the anisotropic reservoir to an equivalent isotropic system. As a result of the rescaling, the dimensionless fracture half-length changes and must be redefined as 17 2 2 cos sin When θ f = 0 or θ f = π/2, the angle does not rescale and θ' f = θ f . With the redefined dimensionless variables, the Laplace domain dimensionless pressure for an arbitrarily-oriented infinite-conductivity fracture ℓ in an anisotropic reservoir accounting for the effects of an infinite-conductivity fracture i is written in the Laplace domain as ( ) and for the entire multiple-fracture system, the dimensionless pressure at the wellbore is written in the Laplace domain as as For each fracture divided into n fs equal length uniform-flux segments, Eqs. 58 through 62 describe a system of n f (n fs + n f + 1) + 1 equations and n f (n fs + n f + 1) + 1 unknowns. The solution algorithm is a three step process, which is demonstrated in Appendix A for multiple finite-conductivity fractures. The system of equations are solved in the Laplace domain and inverted to the time domain to obtain the dimensionless pressure using the Stehfest 18 algorithm. Fig. 2 shows a log-log graph of dimensionless pressure versus dimensionless time for a single infinite-conductivity fracture and a graph of the product of (1 + δ L ) and dimensionless pressure for a cruciform infinite-conductivity fracture where the angle between the fractures is π/2. In Fig. 2 , the inset graphic illustrates a cruciform fracture with primary fracture half length, L f1D , and the secondary fracture half length is defined by the ratio of secondary to primary fracture half length, δ L = L f2D /L f1D , where in Fig. 2, δ L = 1. Fig. 2 illustrates that at very early dimensionless times, all curves overlay, but as interference between the cruciform fractures occurs, the single and cruciform fracture solutions diverge.
Figs. 3 through 5 show log-log graphs of dimensionless pressure versus dimensionless time for a cruciform infiniteconductivity fracture with δ L = 1, ½, and ¼ evaluated with the semianalytical and pressure-averaging solutions with no wellbore storage. Regardless of secondary fracture length, the pressure-averaging and semianalytical solutions overlay at early and late dimensionless time as pseudoradial flow develops. As interference occurs, the semianalytical solutions and pressure averaging solutions diverge. Figs. 3 through 5 demonstrate that a pressure-averaging solution for multiple arbitrarily-oriented vertical fractures in an infinite-slab reservoir should only be used for very small or very large 
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Finite-Conductivity Solution for Multiple ArbitrarilyOriented Vertical Fractures in an Infinite-Slab Reservoir
The development of a multiple finite-conductivity vertical fracture solution requires writing a general solution for a finite-conductivity vertical fracture at any arbitrary angle, θ, from the x D -axis. The development then follows from the semianalytical finite-conductivity solutions of Cinco-Ley et al. 19 and, for the dual-porosity case, Cinco-Ley and Meng. A finite-conductivity solution requires coupling reservoir and fracture-flow components, and the solution assumes
• The fracture is modeled as a homogeneous slab porous medium with fracture half-length, L f , fracture width, w f , and fully penetrating across the entire reservoir thickness, h.
• Fluid flow into the fracture is along the fracture length and no flow enters through the fracture tips.
• Fluid flow in the fracture is incompressible and steady by virtue of the limited pore volume of the fracture relative to the reservoir.
• The fracture centerline is aligned with theˆD x axis, which is rotated by an angle, θ, from the x D -axis.
Cinco-Ley et al. 19 show that the Laplace-domain pressure distribution in a finite-conductivity fracture is written as p LfD Pressure Averaging Infinite-Conductivity Solution dp LfD Pressure Averaging Infinite-Conductivity Solution p LfD Infinite-Conductivity Solution dp LfD Infinite-Conductivity Solution and for the entire multiple-fracture system, the dimensionless pressure at the wellbore is written in the Laplace domain as as For each fracture divided into n fs equal length uniform-flux segments, Eqs. 70 through 74 describe a system of n f (n fs + n f + 1) + 1 equations and n f (n fs + n f + 1) + 1 unknowns. The system of equations forms the finite-conductivity multiple arbitrarily-oriented vertical fracture solution in an anisotropic infinite-slab reservoir. Solving the system of equations requires requires a three-step process, which is illustrated in Appendix A.
As shown by the system of equations, the multiple finiteconductivity fracture solution accounts for permeability anisotropy, single or dual porosity, n f fractures at arbitrary angles, variable fracture half-length, and variable fracture conductivity. Fig. 7 shows a log-log graph of dimensionless pressure and pressure derivative versus dimensionless time for a cruciform fracture where the angle between the fractures is π/2. In Fig. 7, δ L = 1 , and the inset graphic illustrates a cruciform fracture with primary fracture conductivity, C f1D , and the secondary fracture conductivity is defined by the ratio of secondary to primary fracture conductivity, δ C = C f2D / C f1D where in Fig. 7, δ C = 1 .
In addition to allowing each fracture to have a different half length and conductivity, the multiple-fracture solution also allows for an arbitrary angle between fractures. Fig. 8 shows a log-log graph of dimensionless pressure and derivative versus dimensionless time for oblique fractures with equal primary and secondary fracture half length, δ L = 1, and equal primary and secondary conductivity, δ C = 1, where C f1D = 100π. The type curves illustrate the effects of decreasing the angle between the fractures as shown by type curves for θ f2 = π/2, π/4, and π/8.
Multiple-or Complex-Fracture Application
The Barnett shale provides an example of multiple-or complex-fracture development during hydraulic fracturing. Fisher et al. 1 concluded that fracture treatments in the Barnett shale formation will result in a complex fracture pattern and the conventional concept of a single planar hydraulic fracture will not effectively describe gas productivity in the Barnett shale. Fig. 9 shows a complex fracture pattern interpreted from the microseismic image recorded during a Barnett shale fracture treatment as published by Fisher et al. 1 If the image is correct and a dilated fracture network enhances productivity, a pressure-transient solution based on a single-planar fracture should not be expected to model a Barnett-shale post-frac well test.
For example, Fig. 10 shows constant-rate drawdown type curves for a well in an infinite-slab reservoir producing through a single finite-conductivity fracture, a cruciform-finite conductivity fracture, or three finite-conductivity fractures (trifrac). The single-fracture case and the cruciform-fracture case with δ L = ¼ and δ C = 1 are modeled with a conductivity of C fD = 0.1π. The trifrac is modeled with δ L1 = ¼, δ L2 = 33/40, C fD = π/10, and δ C2 = δ C3 = 1, and the angles between the fractures are θ 2 = π/2 and θ 3 = π/9. Clearly, the character of the drawdown type curve and the pressure derivative is different for each case. The most obvious differences occur at small dimensionless time with the trifrac pressure derivative approaching a unit slope at small dimensionless time with no wellbore storage modeled. Fig. 11 illustrates how a pressure-transient test in a Barnett shale reservoir with the interpretation of Fisher et al. 1 might be modeled with the new multiple arbitrarily-oriented finiteconductivity pressure transient solution. As shown, the primary fracture direction is along the long-axis of the microseismic image, and the secondary-fracture cuts across the width of the complex fracture network. To model the fracture-network dilated during hydraulic fracturing, a third diagnonal finite-conductivity fracture is added to the system. Fig. 12 shows how the trifrac drawdown type curve changes when the conductivity in the primary fracture remains at C fD = π/10, but the conductivity in the secondary fracture is reduced by δ C2 = 0.1 and the third fracture is reduced by δ C3 = 0.5.
The new model requires that all hydraulic fractures intersect at the wellbore, and with respect to modeling ≤ t LfD ≤ 3, the pressure-averaging infinite-conductivity solution diverges from the semianalytical solution.
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